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Advanced Applications of Newtonian Mechanics
Newton’s Second Law

Newtonian mechanics is centered around forces. His experimentally based understanding of the
world generated a model about forces, but there are limits, which we can surpass if we look at things
like Lagrangian mechanics. Newton’s Second Law can be written in multiple different ways:

dp d’x

Fnetza F,et = ma Fnet:mﬁ

Perhaps the most general way of writing it would be

.1
I = —Fhet
m

What should we do to find the resulting motion if the force depends on nothing, if it is constant?
F=C

In this case, we have constant acceleration, where we can solve for the acceleration and then integrate
twice to get . We get two arbitrary constants of integration from this, which can be determined
from the initial conditions (or other conditions).

If the force depends on time, F' = f(t), we have that & = L f(t). Once again, we integrate twice
with respect to time, and once again have two arbitrary constants.

If the force depends on velocity, we have that F' = g(v). We can use the fact that v = Lg(v), and

m
we can rewrite this as % = % g(v), which we can solve via separation of variables:
dv 1
JE—
glv) m

From here, we have some function of v on the left, and we can then solve for v(¢), and then integrate
once more, to get z(t). This will also have two constants of integration.

If the force is a function of position, F' = h(x), we can make an educated guess for the form of the
solution. Another method is to multiply both sides by #:

PR BN SR
m m

Now we integrate both sides:
1
/.TIL' dx = | —dh(x)dt
m

Now using the fact that & = d4 and %dt = dx, we are left with

1., 1
ot —m/h(:v)dx+C

Let’s do some problems. If the force is given by F'(t) = A cos(wt), find 2(t). We can set up Newton’s
Second Law:
Acos(wt) = mi
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We can move the mass over:

LA ;
Z mcos(w )

We can then integrate twice:

b= A () +
mw

A

r=———7cos(wt) + Ct+ D
mw

If we wanted to connect initial conditions, typically given as xg and vy, we could plug in ¢t = 0 into

our solution, and then solve for the constants of integration (z(0) = z¢ and #(0) = vg). To do this

for our problem:

A A
.%'(0):—72 +D:1‘0—>D:$0+72
mw mw
We can also take the derivative:

A
& = —sin(wt) + C
mw
l’(O) =C = Vo
This tells us that the final solution is given by

(1) = —— 2 cos(wt) + vl + a0 + —
x(t) = — cos(w v X0+ —=
mw? 0 0T nw?

Another way to do this is to do definite integrals from the initial value to the current value.

We begin with Newton’s Second Law:

d
md—: = Acos(wt)
Integrating:
d
/mdit) dt = /Acos(wt) dt

Abusing notation a bit, we can cancel out the dt in the left integral:

v t
/ mdv:/ Acos(wt) dt
V0 0

This integral gives us the result

mv|vO = %sin(wtﬂé

mv — mug = — sin(wt) — 0
w

A
v(t) =vo + o sin(wt)

We can now do the second integral:

T t A
/ dzx = / [vo + — sin(wt)} dt
xo 0 mw

= [t — g eoten] = o= 5]
T —To = |V . cos(w .
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Solving for x:
(t) + vot A (wt) + A
x(t) = xo + vot — cos(w —
0T w2 mw?
Which is the same result we found using the constants of integration.
D

We can do another problem as well. Suppose we have a force that is a function of velocity, F'(v) = .
We can write out Newton’s Second Law:

md—v = Q%mvdv:Ddt
dt )

Where we have separated variables. We can then integrate both sides:
L
/mvdv:/Ddt—>§mv =Dt+C

We can solve this for v(t), where we have implicitly redefined C:

v(t):\/%Dt—i—C

We could have also done this using the second approach:

v tD
/ vdv = —dt

0 0o m

Now let us do a problem where F(z) = Cz. We can write out Newton’s Second Law:
mi =Cx

This diffeq is second order, linear, homogeneous. We assume a solution of the form e"t, for some 7.
Note that the two conditions that allow us to do this are the fact that the equation is linear and
homogeneous. Because of these two conditions, we can also leverage the property of superposition
of solutions. We can insert our solution into the diffeq:

mr2€rt — Cert

We can then cancel out the e"'s, because they can never be 0, so we are left with the quadratic:

mr? =C
Solving for 7, we have that r? = %, giving the roots r = i\/%. This gives us two solutions, which
can be put together to get the general solution:

z(t) = AeV Rt + Be Ve

Drag

We have two regimes of drag that we will focus on. We have linear (viscous) grad, where |Fy| = bv,
and quadratic (turbulent) drag, where |Fy| = cv?. To get the sign right, the drag will always be
opposite the direction of motion, F; = —bv in the linear case, and in the quadratic case we have

either —cv? or cv?, depending on the direction of v.
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Let us talk about where these come from. If we have viscous drag, we have an object in a fluid,
and the fluid has to move around the object, (pictorially they're called streamlines), the object
warps the streamlines. The streamlines don’t vary over time for viscous drag, i.e we have laminar
flow. The drag force comes from the viscosity of the fluid, which is usually quantified by taking two
parallel plates, each with area A. The top one moves with velocity v. The fluid in between the two
plates will move, with fluid closer to the stationary plate moving slower than the speed at which
fluid closer to the moving plate. This variation of the fluid speeds generates what’s known as the
gradient of fluid velocity, which is essentially %’ where y represents the distance from the bottom
plate. In this case, the drag force is given by
dv

Fdrag = A@

Where through dimensional analysis we find that n has units of % = Pa - s, it is measured in
Pascal seconds. This is also sometimes known as "poise".

If we go back to the geometry of an object in a fluid flow, we have a similar derivation of the drag
force. In the case of a sphere:

dv 3v
Farag = Agpn <> n = nD? () n = 3nDvn
rag sphere dy average D

Where the area is the surface area of the sphere. This is known as Stokes’ Law, and is restricted to
a sphere. From this, we have our bv, where b = 37w Dn for a sphere.

For turbulent drag, we have a sort of handwavy argument. If we have an object moving through a
fluid at some v, the drag force shold be proportional to the amount of fluid you have to move out of
the way, which will be given by the density of the fluid times the cross-sectional area of the object,
times the speed. We also need a factor of the speed to determine how fast we need to move the
material:

Frag o< pAv x v

For a sphere, Fyrag = % pAv? = (%C’d) pAv?, where Cy is known as the drag coefficient, and depends
on the shape of the object.
2D Motion with Linear Drag

Let us go about solving the motion for linear drag. Let us for this calculation, assume that it is 1
dimensional motion, and upwards is positive. Since for linear drag the x and y components separate,
in this case we can only look at the y case, knowing that the x case is independent.

Note that we cannot separate the quadratic drag case into 2 1D equations of motion.

We can look at the x component with the linear drag:

. Fy b
Vg = — = ——VUg
m m
We define 7 = %+, which gives us that
1
Uy = ——Ug
T

From this, we guess that v, = Ae /7. If we insert initial conditions, we find that A = vy, and we
see that as t — oo, we see that v, — 0, and x — C, where C' is some constant.
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Now let us look at the y direction, where we have a more complicated diffeq. We have that

1 1

vy:_;vy_g:_ (Uy+97—)

-
There are two ways to solve this. One way is to substitute to get rid of the constant term, where we
define some u(t) = vy(t) + gr. We then see that @ = v, and thus a solution to the equation for u is
a solution to v,. We can then solve the differential equation in terms of u, and then convert back to
vy(t). This would give us that

vy(t) = (vo + gr)e /T — g7

The second way to solve this is to separate variables and integrate:

dvy B 1
Uy+gT_ T
vood to1
/ ﬁz/ L
v Vy + 9T 0 T

t
v
In(vy + g7) }’Uo -

Now we can exponentiate both sides:

Now we can solve for v,:
t/T gr

Which is the same result that we found using the other method.

vy = (vo + g7)e”

We can now integrate this to get the result for y(¢):
y(t) = —(vor + gr2)e VT —grt +C

Let us now look at the limiting cases. At t = 0, we see that v,(0) = vg, as expected. We would then
choose C such that y(0) = 0. As t — oo, the velocity approaches —g7. This is the terminal velocity
of the object:

Uterminal = — 9T
Note that the negative here is just because of our coordinate system, normally we just define the
terminal speed, which would be gr7.

Falling Motion with Quadratic Drag

2

Our drag force vector can be given by Fy = —cvv, and the magnitude of the drag force will be cvy.

If we write out the differential equation:

Note that we can already determine what the terminal velocity is, by setting the acceleration to 0,
and we find that vie, = ,/%. We can rewrite our differential equation:
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We can again solve this via separation of variables:

We can define u = —%, which will make the separation of variables will have the setup:

du /

2

) —_— = — dt
ter /Uo 1 u2 g

This is a lookup integral, and it spits out the hyperbolic arctangent of u:

v2, arctanh(u)’ZO = —gt

We end up with

y(t) = —vierln {cosh( gt )}

Vter

Forces on Moving Charged Particles

The force on a moving charged particle will be the electrostatic force plus the Lorentz force:
F=gqFE+quxB

To start with, we’ll assume that E = 0. The consequences of the cross product are that the direction
of the force will be at right angles to the current velocity:

v-v=0

This implies that the magnetic force doesn’t change the speed of the particle, but does change the
direction.

Let us assume that B = BZ. We can now write Newton’s Second Law:
mi = —qu X B = q(—v, By + v, Bz)
m(0p & + 0yY + 0.2) = quyBE — quyBY
From this, we can write this out component-wise:
mi, = quyB  miy = —qus B mi, =0

Rewriting the two equations:

These are coupled first order differential equations. There are different ways to solve this. Taylor’s
method is to define a complex variable n = v, + iv,. This is a "complex velocity". The advantage of
this is that B B B

. . .. q . .q . .q

= Wy = — Uy — Wg| = —1— |V + 10y| = —1—

n x 110y m [vy o m [va y) m n
We can define w = %, and we then have that n = nge~™*. This is a clockwise rotation in the
complex plane, with some initial complex velocity 79. From this solution, we can obtain v, and v,:

vz(t) = Re(n(t))  vy(t) = Im(n(t))
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This can be reduced to sines and cosines, as expected. We could then integrate this if we want to
solve for the position in both directions.

Another way to solve the original equation is to plug one equation into the other, and generate a
second order differential equation.

Vg = WUy —> Up = WOy —> Uy = —w2vz

This is something that we recognize as an oscillator diffeq, with angular frequency vw? = w. This
gets us the same result as the other method.

We can now ask what the radius of the circular motion will be:

:m_mv

R 7
w qB

Collisions
When talking about collisions, we have that the total momentum vector, is conserved in a collision

(or really any interaction during which external forces are negligible). For a collision of two objects:

P1i + D2 = D1y + P2y

We can keep track of orthogonal components, and require them to be equal, before and after:

DPizi + P2zi = Plaf + D2zf

Or equivalently, Ap1, = —Aps,. The same thing holds for all coordinate directions. The neat thing
about this is that we can just compare before and after, the net change in momentum of each object.
We know that p = ymuw, which is pretty much muv, as long as v <« ¢. We can also think of vector
equality graphically, where we are adding up the initial momentum vectors, and we need that sum
to be the same as the sum of the final momentum vectors. When we mess with momentum triangles,
we often use the law of cosines and sines:

¢ =a® +b? — 2abcosy

where v is the angle opposite c. The law of sines is

a b c

sinaw  sinf8  sinvy

These rules mean that if you know any 3 pieces of information, you can determine the other 3. Its
important to realize that we are dealing with momenta, not velocities. Because of this, we have to
add/remove a factor of m. This works equally well for elastic and inelastic collisions, momentum
conservation doesn’t care.
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Rocketry

Rocketry is an application of conservation of total momentum, where we have the rocket body and
the fuel, which decreases in mass, or is separated from the rocket body.

We have to now make a distinction between a rocket and a turbofan. Rockets exhaust mass behind
them to generate thrust, while turbofans burn fuel to spin fans that push against the ambient fluid
medium, generally air.

If we take a soda bottle, and fill it with some liquid nitrogen, and put a stopper in the hole, it will
build up pressure, and eventually eject the stopper, sending both the soda bottle and the stopper
flying.

Let us look at a general rocket. The total mass of the rocket and its fuel, spent and unspent, is
constant, mg. Let us keep track of the rocket body plus its unspent fuel, m(t). In a small time
interval dt, while the engine is spitting out exhaust with speed v, relative to the rocket body, the
momentum at the beginning of the time interval is mv. The momentum after the time interval is
(m+ dm)(v+ dv) — dm(v — v.). We can expand this equation, and we have that m dv = —v. dm.
This gives us the relation that mo = —verh, or © = —T<r. If the thrust is constant, we can integrate,
and we find that
v(t) = —ve [Inm — Inmy)

Angular Momentum

We will begin by thinking about a single particle, rather than a 3 dimensional rigid body. The
angular momentum and rotation of a single particle is more straight-forward:

L=7rxp

Where p is the linear momentum, mwv.

We can compute the derivative of £:

. d
Lb=—(rxp)=rxXp+rxp
dt
Now noting that 7 = v, which is colinear with p, and thus we are left with

b=rxp=rxF

This is known as the torque:

L=rxF=T
This is Newton’s Second Law in angular form.

Let us do a quick review of computing cross products. Suppose we have two vectors a and b, and
the angle between them 6. Given these 3 characteristics, we can define the magnitude of the cross
product as

la x b| = |a||b|sin 6

We can find the direction of the cross product via the right hand rule.

If instead we are given a and b written head to tail, and the projection of a in a direction
perpendicular to b, known as s. From this, we have that |a x b| = sb, and we can once again use
the right hand rule to compute the direction.
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Suppose that we were given the vectors in some coordinate system:
a=2t+3)+52 b=—-2—5§+62

We can use the determinant method:
Ty
axb=det| 2 3
-1 -5

S Ot wWw

Suppose we have a ball of mass m falling under gravity, with a position vector of . We can compute
the angular momentum
L=1rxmv

If we are given the distance from the origin in the x direction, known as s, we know that the
magnitude will be [£| = m|v|s. Note that as the ball falls, the angular momentum will change, since
it relies on the velocity. However, we note that if we move the origin to right under the ball, the
angular momentum will be 0, and will remain 0 even as the ball falls, since the velocity and position
vectors are colinear. Thus we see that in angular dynamics, the choice of origin leads to subtleties
due to the cross products.

Kepler's Second Law

Kepler’s Second Law states that the area swept out over some dt is the same for all points in an
orbit. This is equivalent to a statement of conservation of momentum. We have some position
vector in the orbit, , and some tangential velocity v. In some amount of time dt, we sweep out a
triangle, one side length being r, and another being v dt. We can use a property of triangles that
states that the area is given by

1

We can use this: 1 .
A= §|’I'l X ’Udt| = %h' Xp|dt
From this, we have that
AL
dt  2m b= om

Where C' is some constant. This was first noticed empirically by Kepler, by looking through data.

Multiple Particles

For multiple particles, we define the total angular momentum to be the sum of the individual
angular momenta:
L:ZEQZZTO& X Pa
(0% [0

We also note that the rate of change of the total angular momentum will be the total external

torque:
L =T

We can write conservation of angular momentum as the claim that if I'.,; = 0, then L is constant, if
the internal forces obey Newton’s Third Law, and those forces are directed along the line connecting
the two objects (For example, magnetic forces can violate the strong form of Newton’s Third Law).
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Moment of Inertia

For a fixed axis of rotation, we define the moment of inertia:
I = Z mari
o
Where r,, is the distance from particle « to the axis. For a continuous system, we can convert this

to an integral:
I= /7“2 dm

Where dm = pdV, turning the integral into

1= / r2pdV
The moment of inertia can be used to find the angular momentum:
L,=1w
Where w is the angular velocity. We can take the derivative of this:
L,=Iu=T,
We have some frictionless turntable, of mass M and radius R, initially at rest. We have an object of

mass m with velocity v that hits the turn table b away from the center of the turntable, and sticks
to the turntable. We want to know the final angular velocity of the table.

The initial angular momentum is L, = muwb. After the collision, we have that L, = Iw. We now
need to figure out what I is. This will be the sum of Iiyrntable and Ipugty:

I:mRJr%RQ

Thus we have that
m vb

M
b—( R+R> =
muv m B w w ( +Z\2/[) 3

Center of Mass

We denote the center of mass vector as R, or R, and it is given by the weighted sum of all the
position vectors:

1
R = Mzo;ma'ra

Where M is the total mass of the system. We can split this into components:

1
R, = i za: MaTa
and similarly for the y and z components. We can write Newton’s Second Law for the entire system:

Fe:pt = MRcm
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The center of mass behaves like a single particle, and we can track its motion through space via the
external forces on it. The reason that we can do this is because

MR:Zma'Fa :ZFa :Fext
a «a

Another special property is that the center of mass is that, if we choose the center of mass to be our
origin, then L = I'.,;, all relative to the center of mass. This is a version of the angular form of the
second law.

Let us do an example. We have a dumbbell, which is composed of two masses m a distance 2b apart
from each other. We apply a force upwards on the left mass, Fianet for a time At.

The change in total linear momentum is the impulse of the mallet, F’At. The initial momentum
was 0, so the final linear momentum is

p;=MR=FAt

Thus we have that

. FAt
R —
2m
We can similarly compute the change in total angular momentum:

|Fewt| = Fb
And we know that L; = 0. Thus we have that
|Ly| = Iw = [Tepe|At = FbAL
We can find that the moment of inertia of the dumbbell is 2mb?, and thus we have that

FAt
W= —
2mb

We can then find the velocities of the left and right sides:

FAt n FAtb  FAt
2m 2mb  m

Vieft = Vem + wb =

Solving for the right velocity:
FAt  FAt 0

Uright = —
g 2m 2m

Work-Energy Theorem
The work-energy theorem begins by defining the kinetic energy for a single particle:

1
KE=T= §mv2

The time derivative is
dl” 1 d
—_— = - —
dt 2 dt
Now noting that mv = F,,;, we have that

1
('U~'u):§mi)-v

T=F.-v=F-7
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We can then cancel out the dts, and we have that
dl'=F -dr

We define the right side to be the differential work, dW. If we have some path between two points,
and some force law F', we can partition the path into infinitely many drs, and add up all the pieces

of differential work: b b

The left side will just be the change in the kinetic energy, AT

b
AT:/ F - dr

Let us do an example. Suppose the origin is the first point, and the second point is a quarter arc of
a circle to the right of origin, to point (1,1). We can parameterize the path via a sweep angle from
the point (1,0):

r = (1 —cosf,sinf)

We can take a differential path segment:
dr = (sin 6, cos 6)df

We can specify the force law F' = (y,2z). We can then compute the integral:

IW’ZL/E(yi—%Qm@)-(ﬂnGi—+cos€§)d9
0

= /gysin0+2:rcos€d9
0

Now using the fact that x =1 — cos# and y = sin 6:

W = /5 sin? @ + 2(1 — cos @) cos 0 df
0

:/asin29+20080—200520d6?:2—%
0

This is the work done by the force on the particle as it moves along the path from points a to b.

We will now define a conservative force. If the work performed by a particular force on a particle
travelling from position a to b only depends on the location of a and b and does not depend upon
the path, the velocity, or the time, then the force is conservative.

The path independence will allow us to use Stokes’ theorem:

W=[ (VxF)-ndA
0A

We will use this to define a potential function.
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Harmonic Oscillators

Oscillations occur when we have systems where forces that can go both ways, and are dependent
on the displacement from an equilibrium point. These are restoring forces, it wants to return to
equilibrium. Harmonic oscillations are those that have a restoring force that is proportional to the
displacement from equilibrium. The byproducts of an oscillation being harmonic are that they have
the same period, regardless of the amplitude of the oscillation.

Let us first talk about damping forces. The physical characteristics of a damping force include a
proportionality to velocity. This generates a linear differential equation:

mi+bt+kxr=0

Which we derived from the set up of
mi = —kx — bt
Another property is that when we are oscillating, the pgase of the damping force is § out of phase

with the displacement. We now divide through by m, and define new varaibles, wg = 4/ %:
i+ 2B% +wiz =0
Where 8 = 52-.

This is a linear equation, we we should have solutions of the form e". We can insert this into the
diffeq, and find the characteristic polynomial:

24 28r+wi=0—r=—-B+/B2—wd

Weakly Damped Systems

Any statement about a parameter with physical dimensions, being “small” or “large”, has to be
relative to some other quantity with the same units. In this case, weak means 8 < wyg. If this is true,
then the actual oscillation frequency is shifted away from wy. We have that r = —3 + /52 — w3,
and this is imaginary, so we can write it as

r=-B+i\/wi— 32— —BLiw,

Where we define w,, = \/wg — 2. We note that this frequency is < wg. This is the actual oscillation
frequency of the weakly damped system. We can also do this with the binomial approximation if
B < wp, which states that (14 €)* ~ 1 + ae:

2 2
Wy, = WO 1—%—)&)0—57
We have that r = — + iw,, so we can insert these back into the solution:

T = Aefﬁteiwut _i_Bef,Btefiwut

We see that both terms decay in ampltitude, at the same exponential rate. We can define a quality

factor, Q:
wo wo
Q = — = —
26 v
Q) is dimensionless, and can be interpreted as how much the amplitude decays in () oscillation cycles.
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Overdamped Systems

If 8 > wq, then both values of r are real, and we end up with no oscillation.

Driven Harmonic Oscillators

If we have a driving force, we write it using a complex exponential, but we imply the real portion of
the expression: ‘
mi + bx + kx = Fye™t

We then rewrite this equation .
i+ 261 + wix = foet

Where we note that fo = %. We can find the steady-state solution by guessing z(t) = Ce™!, and
we can insert this into the diffeq and cancel out the exponential. We can then rewrite what we have
left:
Cl—w? + 2Bwi + wi] = fo
We can then solve for C:
fo
(wE — w?) + 2Bwi

We can find the amplitude and phase of this, A and ¢:

C:

z(t) = AePet

We can do this by taking the real part of C, and then rewriting what we find to find A and §. We
can find the real amplitude:

A= |f0’

\/(wg —w?)2 4 45202
Or )
A2 — |f0’

(wE — w?)? + 432w?
We can plot the frequency w as a function of 5, and we will see a resonance peak, centered at wy.

As 3 decreases, we will see that the peak becomes taller and taller and more centered at wyg, the
driving frequency. We also note that larger ) defines a taller peak.

We have done the steady-state solution for the differential equation. However, any solution to the
associated homogeneous diffeq can be added to the particular solution:

i+ 2Bk +wir =0
From this, we have our general solution

z(t) = Ce™! + Ae P! cos(wt) + Be P sin(wt)
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Formulations of Mechanics
Lagrangian Mechanics

We have done mechanics through Newton’s Laws so far, such as through the use of Newton’s Second
Law:

dp

E = L'net
Where we focus on force, which is a vector, often in Cartesian coordinates, which allows us to
separate the forces and vectors into components.

We have also taken advantage of energy conservation, where the total energy in the system is given
by

1
E = §mv2 +U(r)

This says nothing about force, but still gives us the necessary information about the system.

We will now move onto Lagrangian mechanics. This is based on Hamilton’s Principle, which states
that the path that a dynamical system actually takes from one point to another over a given time
interval is the one that makes the action integral stationary. We define the action integral as S:

to
S= [ L(x,at)dt
t1

This function £ is known as the Lagrangian. In an ordinary intertial reference frame,
L=K-U

The path of the system in Hamilton’s principle is in this case x(t). It could also involve y(t) or z(t),
when talking about multidimensional motion. When we say “from one point to another” means
that the starting and ending points are fixed, so we have t; and t9, as well as z(¢1) and z(t2).

This action integral is an example of a functional, which takes a function as input and calculates a
value (whereas functions take values and output values).

Stationary means that small variations in the path do not change S to first order (in the size of the
small variation). This means that path with this property is a minimum, maximum, or inflection
point for S.

Let us change variables, and rewrite the action:

S/ (y,v,x)d

Where we are not calling the function the Lagrangian just yet. We have the conditions that x1, o,
y(x1), and y(x2) are all fixed. We will be looking for a path y(z) that makes the action stationary.
If we consider adding some variation function n(x) to the path, with some scale factor «, so we have
a modified path

ymod(x) = y(.I) + Oﬂ]({L’)
We now can find the derivative of the action with respect to a:

as (e df <8f6y of oy 8f8x>
do Jo dOzdﬂU_/gc1 8y8a+8y’8x+8af8a de
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We note that g—g = n(x), and we note that y'(z) = y{(z) + an'(x), so g—ya = 1n/(z). We also have
that g—z = (0. We can then rewrite our derivative:

[ (s St -0

We can use integration by parts on the right integral ([vdu = uv — [udv). We note that the
endpoint term uv‘if will be zero, because the variation is 0 at the endpoints of the path. Thus we

are left with
5 £ ()
da  Jyy L0y  dx \Oy mE) ez

We want this derivative to be zero for all n(z). This requires that the terms in brackets must be

zZero: of d (3f)
oy oy’

This is the Euler-Lagrange equation, and will allow us to obtain the path y(z) that the system
takes. If there is more than one dimension, the path will have an Euler-Lagrange equation for each
dimension, and the path would need to satisfy them simultaneously.

An example of this would be to find the shortest path between two points on a cylinder. For this,
the action integral is really a calculation of the length of the path, L = [ ds.

Let us find the minimum path length between two points in the x y plane. We first want to integrate
along a path to find the path’s length. We first express the path length element ds in terms of dx

and dy:
ds = +/dx? + dy?
If we have that the y coordinate is a function of x, then we can rewrite this path element:
dy
ds = \/dm2—|— (d) dz? = \/1+y?dx
x

And similarly for the case where z is a function of y:

=V1+22%dy

We can also describe the path parametrically, with « and y as functions of ¢:

2 2
ds = +/dx? + dy? = \/(dm) dt? + (%) dt? = dt/z"? + y'?

dt

From this, we can write the total path integral as
t1
Va2 + g2 dt
to

Let us now use one of these methods. Let us suppose that the path is given by z as a function of y.
For that reason, we will have an integral of the form

Y1
Va2 +1dy
Yo
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This is our action-like integral, as it is a function of x, 2/, and y. For the Euler-Lagrange equations,

we have that
()
oy ox’

In this case, f = /1 + 2/2. We can see that the partial with respect to z is

of

8:1::0

And we have that % =1"+ 1)~1/224/. Inserting these into the Euler-Lagrange equation, we are
left with:
(2% + 1)V =C

Where C is a constant. We can then solve this, and we have that the path is a straight line, as we

expect:
dr _ [ C*
dy \1-C2

To find the actual line, we would insert the boundary conditions, the start and end points, which
would determine C.

Suppose we now want to find the shortest path between two points on the surface of a cylinder. We
can use spherical coordinates, (R, 0, z). Suppose we can describe our path with ¢(z). We can write

out the path element:
= \/$22 + (Rd¢)? — /1 + R2¢? dz

We can then write out the integral:
22
L :/ V1+ R?¢"?dz
21

If we insert this into the Euler-Lagrange equations, we will find that the shortest path is givne by
¢(2) increasing linearly with z.

Suppose we want to measure the elapsed time along the path, not the length of the path. The
integrand should be an element of elapsed time. If we have the speed as some function v(z,y), we
can write out the time element:

We can then write out the integral:
t2 (s

T =
t1 ’U([L’, y)

In a gravitational field, for motion that starts at point A and ends at point B, what shape ramp
should we build so that sliding along the ramp, with no friction, minimizes the elapsed time to get
to point B?

We generate our coordinate system with point A being at (0,0), and B at (x2,y2). We will assume
that downwards is positive y, and we will assume that the path can be described by z(y). We now
need to find the speed at a given point along the path. From energy conservation, we know that the
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the total energy is equal to 0 at point A, and %va — mgy at point B. From this, we have that
v = +/2gy. The elapsed time is given by

ds v2 dy /2% + 1 1 vz 2241
path path U 0 v ng 29 0 Yy

We can now use the Euler-Lagrange equation, with our integrand being f(z,2’,y):

of d<8f)

ox  dy \oz'

or dy

We can notice that % =0, and that

af B %($/2+1)_1/22IE,
oz! NG

Thus we have that

d %(x/Z +1)71/22x/ 0
dy VY
(x/Q + 1)_1/2x'
7 =
Where C'is a constant. We can do some algebra:

22" = C\/yVa? +1

2 = C*y(2? 4+ 1)

Thus we have that

This gets us that
22 = 02y
1—-C2%

’ Yy
x _Cwil—CQy

We can now separate variables and integrate:

dx Y
&y~ Vi
2 Y2 Y
dr = \|———d
/0 ! C/o 107y
Y2
962:/ \/ Y dy
0 2a —y

This integral can be solved the substitution y = a(1 — cos ), and then dy = asin € df. We can then
do some algebra and we find that

We can square root this:

1.

We will now redefine a = 5:

0 1 — Y
:EQZ/f_C()Seasinecw:/?a(l—cosﬁ)d@
0 sin 6 0
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If we solve this, we find that the full path is described by = = a(f — sinf) and y = a(1 — cosf),
where 6 goes from 0 to 6. This describes a cycloid function. Thus the fastest path from A to B
will be a section of the cycloid.

We have a block of mass m, on a wedge of mass M, both free to slide with zero friction. We want
to figure out the dynamics of the system. We choose our coordinates to be w and b, where w is the
edge of the wedge, and b is the distance of the small mass down the wedge.

We now need to write the kinetic and potential energies. We first note that zy,c = bcosa — w,
and Yprocr = —bsina. We can then write out the kinetic energy:
1 1 . . 1 1 . .
K= 5Mu'P +om [(—w + beosa)? + (—bsin@)?] = 5Mu';2 +5m [@? — 2wbcos a + b7
We have that the potential energy is given by —mgbsin «, and thus the Lagrangian is given by

1 1 . .
L= 5MwQ + 3™ [w2 — 2u’:bcosoz+l72] + mgbsin a

We can write out the Lagrange equations for w and b:

doc_ o
dt ow  Ow

- % [Mw+mw—mi)cosa] =0

From this, we know that M1 + maw — mbcos a = k, where k is some constant. The other way to
look at it is to actually take the derivative:

(M +m)iw —mbcosa =0
We can do the EL equation for b, and we find that

d . ) .
— [mb—mwcosa] = mgsina
dt
%mﬁ—mwcosa:mgsina
—b—1wcosa = gsina

We now have two equations, and we can combine them:

i mb cos o ,

— ———cosa = gsina

M +m g

P (M +m)gsina _ (M +m)gsina
(M +m)—mcos?2a M +msin®a

From this, we could integrate twice and then solve for b, and then use that to backsolve for w.

Suppose we have some fuzzy dice hanging from the mirror inside a car. There is some angle from
the vertical, denoted ¢. The car is accelerating with initial velocity vy, and constant acceleration a.
We want to calculate the kinetic energy for the dice. We have that

1
x:v0t+§at2—lsin¢> y = —lcos¢
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We can then write out the Lagrangian:
_ 1 _ N2 g2 a2 02
L= 2m[(vo—i-at Lcos ¢¢)” + 1° sin® p¢°| + mgl cos ¢

We note that this now explicitly depends on ¢. We can now write out the EL equation:

% %m (2(110 + at — lcos ¢¢3)(—l cos @) + 2(I sin ¢q3)l sin qs) = Zi
= & Too(—cos9) + at(~Icos ) + I cos” 9o+ 1sin 6] = O
dt 99
d .
- at [12¢ — (vo + at)l cos qﬁ] = gg
— l295 —alcos ¢ + (v + at)l sin gb(;'ﬁ — gg

We can now do the right hand side:
¢ — al cos ¢ + (vg + at)lsin ¢d = (vo + at)lsin pg — gl sin ¢

We now simplify:
b= %cosqb— %singb

What does this tell us? We can try to find an equilibrium angle, when ¢ = 0, and we find that

tan ¢, = %.

We can also ask whether this is a stable or unstable equilibrium. There are two ways to do this.
The first way to do so is to look at some small variation, ¢ = ¢ + €. We then compute é for this
varied point. We will then find that é = — (% sin ¢e + ¥ cos (;Se) €. We see that this is a negative
restoring force, proportional to e. For a small deviation, this will be like a spring, and thus we have
a stable equilibrium. The other method is to evaluate % at oe.

Suppose that we have a bead on a rotating wire loop, where the bead has coordinate 6 from the
rotation axis, and the loop is rotating with angular velocity 2. The Lagrangian will be the sliding
kinetic energy, %m(Ré)Q, the rotational kinetic energy, %m(R sin #€2)2, and we have the potential
energy, where we measure the height from the base, U = mgR(1 — cos0):

L= %m(RH)2 + %m(R sin 0Q)? — mgR(1 — cos 6)

We want to find the dynamics of :

% [mRQQ] = m(Rsin 0Q)(R cos Q) — mgR sin 06

— § = sin 0 cos O — %sin@
6= (QQCOSH— %) sin 0

This is the equation of motion for #. We can find the equilibrium angle, which is where 6 = 0, so

whenn siné = 0 or when Q2 cosf — % =0, 0r cosf = 5&.
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Let us have some general remarks on approximating. When we construct the Lagrangian, we could
have a messy function of the coordinates. We generally have two options/approaches. One option is
to apply the Euler-Lagrange equation to get the exact equation(s) of motion. We can then identify
the equilibrium point or points, locations where the second derivative of the coordinate of interest
is 0. We can then approximate the differential equation around the equilibrium point, and that
should give us a differential equation in the form of a harmonic oscillator. This allows us to define
an oscillation frequency w.

The other approach is to approximate the Lagrangian, before we insert it into the Euler-Lagrange
equations, for small deviations from the equilibrium point. From this, we should get a harmonic
oscillator differential equation. For either case, we want to keep the lowest-order nonzero terms on
both sides, and we note that the derivative of the coordinate will also be small, of roughly the same
order as the coordinate itself. Note that when using the second method, we sometimes will need to
approximate cosf as 1 — %92.

Lagrange Multiplier method

Suppose we have a Lagrangian L(z,y,&,y). A straightforward application of the Euler-Lagrange
equation gives us two differential equations, one for  and one for y. These are in principle separate,
and then we could impose constraints on those, such as using a constraint such as z? + y? = L?
to substitute into the equations. Another way to do this is the Lagrange multiplier method. This
method is based on expressing the constraint as f(z,y) = C, where C'is a constant. We can add this
to £ without change the dynamics of the system, since it disappears when you take the derivatives.
You add it along with a Lagrange multiplier, which is a function of time:

L= L+ )N

Now the Euler-Lagrange equation becomes

d [acnew}  OLuew
dtl oz 1 ox
The added term has no dependence on , so the left side is the same as for the original L:

¢ [0) ok 00
dt Loz]  Ox ox

Now we solve simultaneously for z(t), y(t), and A(t), that satisfy the two Lagrange Equations. We
now have 3 unknown functions, and 3 equations. The reason this can be useful, is because the
flexibility of A(t) can help solve all 3 equations.

Conservation Laws

Suppose there is some coordinate g that the Lagrangian doesn’t explicitly depend on (it can depend
on ¢). This is known as an “ignorable” coordinate. Then, from the E-L equation, we have that

oL _,, @ {%}

dq dt LIq
Thus we have that %—g is a constant. This is the generalized momentum for ¢q. This is a case of
Noether’s theorem:
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Theorem 2.1. If the dynamics of the system are invariant under a coordinate shift, then there is a
conserved quantity.

A trivial example of this is the free particle. The Lagrangian is

1
L= §m$2

We have no explicit dependence on x. The generalized momentum of x is ma, and is by Noether’s
theorem conserved, as we expected, linear momentum of the free particle is conserved.

For rotational motion, if there is no ¢ dependence in L:
1 N2 1 )
L= §m(r¢) + omi” = U(r)

oL

We see that ¢ is an “ignorable” variable. Via the property that we have just seen, we know that o6

is conserved: ar 1
20 2
— = —mr°2¢ =mr
o] = 32 = mrtd
This is in fact, the angular momentum that we are familiar.

Let us look at another invariance example. Suppose £ doesn’t explicitly depend on t:

E(qb q.17 q2, q2)
If we look at the total derivative with respect to time of this:

0
9 i+ 2
ddn q1 9do q2

We now note that the first part of the first term on the right can be rewritten using the Euler-

Lagrange equation as % [g—qﬂ. If we define this inner derivative as p;, we can rewrite our total
derivative as

df _ dp: . n d . +dp2. n d . _d[ i\ + pada]

dt  di q1 pldt(h dt a2 pzdtfp = a P1q1 T P2g2

From this, we have that
Pgd1 +p2ig2 —L=C

Where C' is constant. This combination is the formal definition of the Hamiltonian for a mechanical
system.

Central Forces

Suppose we have two objects with a mutual force that is direct along the line connecting them, with
a force magnitude that depends only on the separation distance:

F(|ri —ra)

We define r = r1 — 79, and we let » = |r|. Thus we have that F' = F(r)7. This began as a statement
about 6 coordinates, the position coordinates of the two objects, but we have simplified it down to 1
coordinate. We can write out the Lagrangian:

1 . 1 .
L= 5mﬂ’l’1|2 + §m2|7’2\2 — U(T)
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Page 25
If we change coordinates to center of mass coordinates:
mimTi + Mmary
Tem =
m1 + ma
_ mo : ; _ __m
Then we have that 71 = r.,, + P and likewise we have that ro = r., e We can

now compute the derivatives:

. . ma . . . my .
lercm—FiT o =T — —————T
mi1 + msy mi + mso

We can substitute these into the Lagrangian:

1 1 mims
L== Tl <7
2(m1 +m2)|rcm| + M1+

: )1#2 — )

This has the form of a system with two non-interacting particles. The dynamics of 7., and r are
independent, the center of mass just acts like a free particle. We can just focus on the r dynamics:

1,
L= 5#““’2 —U(r)

Where p = T::f;fz, is the reduced mass. Now we have 3 coordinates, the components of the r vector.

From experience/intuition, we know that the motion will be in a plane. We can describe this with
polar coordinates,  and ¢. The Lagrangian we obtain is

L= Sl + ()~ U)

We note that this doesn’t depend explicitly on ¢, and thus 9L is conserved. Thus we have that

| %
0, = ur’¢ is conserved.
We can write out the EL equation for r:

ou

d, .. .5 0U . o
dt(w“)—wcb 5, W= et — =

We can also substitute in the definition of the angular momentum, to get rid of b

2 U

W= S T o

This is 1D dynamics for r, with the “force” equal to ur? — %—(Tj. The additiional term, in terms of
the angular momentum and the position is the centrifugal force. We can also write this as

. 8{62 }
pit=—a l““2+U

This combination term is the effective potential, it acts like a potential energy function, a function
of the position. The extra term is sometimes call the “centrifugal barrier”. This barrier term is
always a positive contribution to the effective potential, while U(r) can be positive or negative. Put
another way, the added term is always repulsive, while U(r) can be attractive or repulsive. If there
is no dissipation, then something will be conserved. We can write that

Kr+Ueff =F
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is conserved, where K, is the radial kinetic energy, % w2, This is all of the kinetic energy we have,
since we have boiled the system down to a single coordinate, the radial component r. If we compare
this to the true kinetic and potential energies in the 2D case:

1 .

S+ 170" + U(r) = B
In essence, we have kept the total energy the same, but “moved” the azimuthal kinetic energy to
affect the potential term instead of the kinetic term. The dynamics of r will depend on E. At any
r, we know that

N P
ITI—\/M(E Uers(r))

If we look at U.ys, the local minima of this function will be the stable configurations at which we
have circular motion. The actual orbit in the 2D plane depends on values of E and Z,.

Let us now look at the stability of circular orbits. We can look at these like any equilibrium, but
we use Uesr(r). We have that if ;‘Z—;Ueff(r) > 0, then we have a stable solution, since the graph is
concave upward. Let us consider central forces of the form F' = —kr™. The negative sign means
that it is attractive. From this, we have that U(r) = RLHT”“, using the fact that U = — [ F(r) dr.
The effective potential will then be given by

ka6
n+1 2ur?

Uers(r) =

If we have a circular orbit, then we have some ry stable point, which is when the effective potential
is at a minimum:

dU, 0
i P =0—krf ——5=0—
dr ury
We can then solve this for ry, and we have that
2\ 7
- (5)
wk
We can check if it is stable:
d2U ) n_1+3£§>0
el — knr 2z
dr2 et prt

We can then solve this, and we have a stable case when
n> -3

We can now look at the frequency of small oscillations around rg. We let r = rg + €, and ¥ = €. We
then insert this into our equation of motion, and we have that

- n Eg -3
pé = —k(ro+¢€)" + ﬁ(ro +e€)

We divide by p, and prep to use the binomial approximation:

k n EQ -3
e=—pp <1+ i) +=2rg? <1 + i)
© To 2 0o
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We can then use the binomial approximation, and then we are left with

k 1% 3
'éx—r{}(l—i-ne) Zry? <1—6)
2 To M2 7o

n-+3 —

2
We now use the fact that r{ %, to combine terms, and we are left with

(n+3
€~ — (Z(n;;)) €
HoTo
For a circular or near circular orbit, we have that £, = pr2wopi:
. 2
€~ —((Tl + 3)worbit)6
Thus we have that the angular frequency of small radial oscillations is

W = V1N ~+ 3Worbit

We have taken a 2D system and reduced it to an equivalent 1D problem with coordinate r. We get
solutions for r(t). There is also the motion of 7.y, but it is motion with constant velocity. Putting

it all together:

ma mi
T Ty =Ty — —————T
mimso mi + mey

T ="Tem +

We have shown that the 2D Lagrangian had an azimuthal term in the kinetic energy:

1 9
§M(T¢)
Which gets converted into the potential term in the 1D Lagrangian:
&
2ur?
Which can be rewritten via £, = ur2¢:
L 99
SHT ¢

We see that they are the same, but this is not just an algebraic regrouping of terms, since we flipped
the sign of the term when looking at the second Lagrangian. The reason for this is based on the
independent variables of the Lagrangians. These two are not the same Lagrangians. In the 2D case,
we have the variables r and ¢, our Lagrangian is of the form L(r,¢). On the other hand, in the 1D
Lagrangian, there is only one coordinate, r, and ¢, is fixed by construction. ¢ is not fixed, because
if r changes, ¢ must change, because £, must be fixed. The difference in the sign comes from the
fact that different things are considered fixed in both Lagrangians.

Assume that we have found an equilibrium point for the coordinate in a 1D system, such as ry. We
can heck stability and find the w of small oscilations in two ways. The first method is to take the
equation of motion from the Euler-Lagrange equation, and define € = » — rg and approximate for
small e. We can then look at the sign to see if it is a restoring force, and the value of the “spring
constant” together with the mass to get w:

meé = Ce

. . C
If C is negative, then w = ‘m—‘

The other approach is more useful when we can characterize the effective potential. In this case, the
“spring constant” is simply the second derivative of Ucs¢(r), evaluated at r.
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Orbits in Gravitational Potentials

Suppose we have two object in mutual orbit, with masses M and m, with a gravitational force of

[ Gmm

r2

between them. Since the gravity force has the form F = —kr—2, we already established that the

period of radial variations is equal to the orbital period, n = —2, s0 W = Worbit-
Let us now find the actual shape. From the gravitational potential energy, U(r) = —GMTm, we get
the equation of motion:
. GMm n 02
7= — —
K 2 L3

We want to know 7(¢), so we can make a polar plot. The trick here is to make a new variable,
u = %, which allows us to compute the derivative of r:

dr il_dldqﬁ_ 1du¢

Tt T dtu dpudt | u2de

We know that ¢ = pr2¢:
_ifqu d7u £, du

w? pod¢  pdg
The next step is to compute the second derivative:

dy ~tddi_ Lddudo 8

Tdt' T p dtde . pdbdedt . p2t dg?

i

We can now take our equation of motion and substitute in:

2

. GMm Iz < Eg 2d2u
pit = ———5— + p

r2 3
2
We can cancel out a u?, divide by %, and we are left with

Pu _ GMmp
92~ 2

This is almost a harmonic oscillator equation, but we are still alright since the extra term is a

constant. We can let v = u — G%m” , and solve for v, and then backsolve for u:

u(9) = T 4 Acos(o— o)

Which can be written as

u(¢) = B (1 + ecos(¢ — o))

Where B = G]\gn” and € = %. We know that r(¢) = u=(¢):

C

r(@) = 1+ €ecos(¢p — ¢o)
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2
Where C = J\%mu' We see that we have two parameters, € and C.

If we plot this, the origin is one focus of the ellipse that is generated, and is the center of mass of
the two body system. In the case of the Earth and the Sun, the center of mass point is almost
exactly the same as the Sun’s location, but in the case of two comparable masses, we have the two
objects in elliptical orbits around the center of mass point, which is moving with constant velocity.
The point on an orbit that is the furthest away from the focus is the apoapsis, (apogee if around
the Earth, aphelion if around the Sun, apojove if around Jupiter, etc). And the point closest to the

focus is the periapsis. The distance from the focus to the apoapsis is given by &, and the distance

C
1+4€"

from the focus to the periapsis distance is given by

We have that ¢ in the elliptical orbit is not constant, and we know that ¢ = f(t):

do _
dt

/O%dgb _ /f(t) dt

In the case of Kepler’s 3rd law, for a circular orbit:

f(t)

Integrating:

mu? _ GMm

r r2

Which gets us that v? = % The speed is related to the period via v = %, so combining these

things, we have that

4pi®r3
-T2 =
r GM

T

(2777“)2_ GM

We can now replace r by a, the semi-major axis, for an elliptical orbit:

472 3 9
B =7
o

Note that this holds for M > m, which is useful for cases like the solar system.

Hamiltonian Mechanics

The Hamiltonian is defined using the Lagrangian. If we have L(q1,q2,...,4¢1,42,...dn,t), the
Hamiltonian is defined as

H=> pigi—L

Where p; = %g, and is the generalized momentum for the ¢ coordinate. This is deeper than just
a variable substitution, for a couple reasons. The generalized momentum may not be trivial or
familiar, and H is a function:

H(QlaQ?v ««-Qn,P1,P2, - - pn)

We see that we have the momenta, rather than the time derivatives. It is especially useful to focus
on the momenta when they are conserved quantities, so p; is constant, while ¢; is not constant.

This set of coordinates, g and p, are called phase space, versus the Lagrangian’s state space. In
phase space, the evolution of a system is based on the initial conditions, just like state space.
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Notably, in phase space, trajectories do not intersect, if we start at two different points in phase
space, and evolve the system, the paths will not intersect each other.

To obtain the Hamiltonian, we write down £ in terms of ¢; and ¢;, find all the generalized momenta,
by taking derivatives with respect to ¢;, then compute the Hamiltonian. We can solve to get the ¢;
as a function of ¢;, p;, and possibly ¢, and then substitute to eliminate the ;.

Now we want to find how the system evolves in the Hamiltonian picture. Looking at derviatives of
the Hamiltonian:

OH o . . )
90 0q [pg — L(q,¢,1)]

We see that the first and last term cancel, and thus we have that

o _ oc
dqg g

From the Euler-Lagrange equation, we know what the right side is equal to:

%__i(%>__-
d¢  dt\aq) P

Looking at the other derivative of the Hamiltonian (skipping through the algebra, but we have a
similar cancellation as above):

oH .
op 1
This pair of equations gives us the dynamics of the system. This is a set of two first-order differential
equations. Perviously, we showed that if the Lagrangian has no explicit dependence on time, then
‘H is conserved, and is the total energy. These two equations are called Hamilton’s equations. We
can think of plotting this in phase space, and these two give the evolution of the system in phase
space, they define the trajectory.

Looking at a particle in free space, in 1D, with no force acting on it:

Now using the fact that © = £
p

H=om

We can now take derivatives to get the motion:

oH . . D .
— == i=-—=21
Op m

As expected, the velocity will remain the same, for a free particle.
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Note that if the Lagrangian has no explicit dependence on ¢, then neither does the Hamiltonian. In
that case, the Hamiltonian is a conserved quantity.

If the relationship between the generalized coordinates and inertial (Cartesian) coordinates is
independent of time, then the generalized coordinates are said to be natural, and H = K + U. This
is because in natural coordinates, > p;¢; = 2K, and thus the Hamiltonian becomes H = 2K — L =
2K-K+U=K+U.

We also have ignorable coordinates, a generalized coordinate ¢; that £ does not depend on. We note
that if £ does not depend on ¢;, then H will not depend on ¢; either. Recall that this means that the
generalized momentum associated with that coordinate was conserved/constant. In the Hamiltonian
case, it includes p;, but if thats a constant, its not really a variable, its a constant/parameter.

Let us look at a complex Atwood machine. This has a mass of 2m on the right side, and on the left
we have a mass m attached to a spring, attached to another mass m. We assume that the pulley
has negligible mass and rotational inertia. The spring has equilibrium length while hanging [..

We define our coordinates to be on the left side, where y is the distance from the pulley to the first
mass, and we define the distance from the bottom of the first mass to the second mass to be [, + x.
We note that k(I — ly) = mg, the displacement from equilibrium is given by the mass connected to
the spring underneath. We can write out the kinetic energy:

1 1
K= §my2 + 5m(gz: +9)% + mg?

Where the first term is the kinetic energy of the top hanging block, the second term is the kinetic
energy of the spring and second mass (position is given by y + l. + x, derivative is & + ¢), and the
third term is the kinetic energy of the block on the right. Expanding this:

K = %mdsQ +2my? + may
The potential energy is given by
U=—-mgy—mg(y+1l.+z)+2mg(y — L) + %kz(le +2—1g)?
Where L is the total length of the string. However, since constants in the potential energy will not

affect the dynamics, we can replace this with just y. Likewise, we can drop the [, term. Collecting
terms:

1 1
U =—mgz + sk(z + (I + lp))? = —mgx + ik“"Q + ka(le — lo)
We can use the fact that k(l. — lp) = mg:
L, 9 L, 9
U=—-mgx+ ika: + mgx = ik‘x
Putting all of these together, we have that
1 .9 %) .. 1 2
L= 5MmE + 2my” + may — ilm

We can now calculate the momenta:

L F i (6 +9)
= — = Mmx my = mi\x
Pz i Y Yy
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oL . . L
Py = o = 4my + mi = m(4y + &)
9y
Now inverting these relationships, to find # and ¥ in terms of the momenta:

Py — Px
3m

'_1<4 1 )
~T—m 3px 3py

Now let us calculate H, in terms of the momenta. Since the coordinates are natural:

Py = Do =3My — § =

1 1
H:K+U:§m¢2+2my2+mﬁcy+§kx2

Substituting in the momenta:

1 . . . 1 1 |1 1

We note that there is no dependence of y, and thus p, is constant. We now use Hamilton’s equations:

L OH 1 [ 2 }_ 1
= T3 —3(py—px)+2pm —3m[4px Py
’—aj—i( _ )
y—apy—gmpy Pa

Suppose we hold the block on the right still, and pull down the bottom one on the left, then let go.
We will then have the initial conditions x = xg, ¥y = 3o, © = 0, y = 0. Initially, p, = p, = 0, from
the definitions. We also know that p, will stay 0. We thus have that & = %pw, which means that

i = %Pw = —%x. Thus we have that x oscillates with w = %, Since #(0) = 0, it must be a
cosine:
4k
x(t) = gxgcoswt with w = \/7
3m
Phase Space Orbits

Hamilton’s equations tell how the system will evolve over time from wherever it current is in phase
space. In a system with periodic motion, the curve in phase space will close, it will come back to
where it was before. If the Hamiltonian does not have a time dependence, it will match onto the
path, and repeat the “orbit”.

When we have different orbits/trajectories in phase space, these represent different conserved Hs,
which is sometimes the total energy.

If we have friction, or other non-conservative forces, we can have different paths that approach a
certain path, such as an oscillating system that is losing energy, and forms a spiral.

The concept behind the next theorem, is roughly that if we designate a closed region of phase space
and follow the evolution of all points inside that region, the “volume” occupied by them (as time
elapses) is conserved. Notably, for chaotic systems, this is still true, but the shape can be highly
distorted.
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This relies on the divergence theorem:

/n-vdA:/V~'vdV
S \%

Hamilton’s equations can be shown to tell us that the region enclosed by a set of phase space
trajectories has zero divergence:
v = (q‘lvpl) QQaPQ, cee )
0 0
V=—@+——p+-..
Oq op1
When we take the dot product in the right integral:

Goon O (PHY, 0 (),
Jq1 \Op1 Op1 \ Oq

_PH PH
0q10p1  OpOq1
These two terms cancel, and likewise for every following pair, thus we have 0.

We can write this as

When is Liouville’s theorem valid? If the Hamiltonian is time dependent, then the divergence
calculation would have to be modified, and we will end up at the last step with derivatives of a time
dependent Hamiltonian, but the derivatives will still cancel out.

If we have nonconservative forces:

doL oL

dtoq g + Lne
We can then modify Hamilton’s equations, and we will find that this spoils the cancellation, if the
acceleration due to the nonconservative force depends on p.

If the coordinates are not natural, then H is still conserved, it doesn’t have to be the total energy.

Let us now look at the area of phase space orbits. If we have a harmonic oscillator, we have an
ellipse as an orbit, and it has an area of

o/ 2 amE = orEy /™ = 2B — BT
k k w
Where T is the orbital period.

Noninertial Reference Frames

Let us think back to the fuzzy dice in the car example that we worked through. We fiund that there
was an equilibrium angle, and tan ¢, = ¢. If we are riding in the car, then in your reference frame,
the dice are hanging at (or maybe swinging around), this angle relative to the car’s natural vertical.
In the passenger reference frame, we have some gravitational force, and some “extra” force that is

pushing the dice horizontally:
gerf =V g* +a?

Where a is the acceleration due to the extra force. The direction of “extra” or fictitious force, in the
car’s frame, is opposite the actual acceleration of the car in the inertial frame.

Fmoving = _mAframe
We really have a fictitious acceleration, we just infer a force because of Newtonian mechanics.

This component combines with gravity as being an equivalent thing.
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Rotating reference frame

First, we need to describe how one reference frame is rotating relative to the inertial frame, specifying
both the rotation axis and rate. We use the vector rotational velocity w, with the right hand rule.

The linear speed is given by v = rw, and in fact we have that

V=wWXTr

The dynamics of the system come from using this derivative relationship. If something is fixed in

the rotating frame, then

dr

E =0 x Tinertial
But if 7., is not constant, then

Trot = €1 + roéa + 1363

Then fl—:mt is given by

dr dT‘l 5y + dT‘2 5y 4 d?“g N
— = _—¢ —Zé —2é
dtrot  dt * ' dt 2 ar’

Seen in the inertial frame,

Tiner = Tl(él)ine'r + r2(é2)iner + r3(é3)iner

Taking the derivative of this:

dr dri . .
<dt>iner - ditl(el)iner + TI(Q X (el)mﬂ‘) +.

dr ) < dr >
n =\ 77 Q iner
( dt TR

iner

Thus we have that

In fact, this is true for any vector quantity. If we now look at the second derivative (where we are
dealing with some arbitrary vector quantity @), we will find that

2
F .
ZT; :E:F—I—er—l—ﬂle'—i—ﬂx(ﬂxr)

The first term is the Euler force, the second term is the Coriolis effect, and the third term is the
centrifugal force.

The centrifugal force depends on position but not velocity, and is always radially outward from the
the axis of rotation, not the origin. The magnitude is equal to mr Q2.

The Coriolis force depends on the velocity, not the position, and has magnitude 2muv{)sin 6, where
0 is the angle between v and 2. This should be maximal when they are perpendicular.

We can explain tidal forces via the interaction of the centrifugal forces as well as the force due to
gravity of the moon.

Suppose we have a totally water covered planet, with slow rotation, and we want to find the shape it
would have. The buoyancy force is perpendicular to the equilibrium surface, and must be cancelling
the sum of the gravity and tidal forces. If we do this out, we would find that the planet would not
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be spherical. Really, the water surface will follow an equipotential, the net potential energy will be
constant over the whole surface. For the tidal force, this is approximately an ellipsoid.

For a flat rectangular container, filled with some water, we find a quadratic equipotential surface:

1
U=Uy+ 5m92x2

The Earth also hastides, the deformation of the solid Earth due to its rotation, but on the order
of magnitude of centimeters (7). Over distance of a few kilometers, the distance can stretch by a
fraction of a millimeter.

Elasticity

We know how springs work, we can define the force due to a spring via Hooke’s Law, F' = —kx. We
can measure the spring constant by measuring the equilibrium length, and hanging a known mass
from the spring. The gravitational force will balance the spring force, and thus we can solve for k.

If we connect springs in series, we find that the spring constant acts like resistors in parallel:

1 1 1

=—+
ke k1 ke

In parallel, we have that the spring constant acts like resistors in series:
kepr = k1 + ko

Wires and thin rods can act as a spring. The relevant property describing intrinsic elasticity is
called the Young’s Modulus, Y. This is defined as the stress over the strain. To check units, stress
has units of pressure, and the strain is unitless, thus the Young’s modulus has units of pressure,
Newtons per square meter, or Pascals.

The stress is defined as the force divided by the cross-sectional area, %. Strain is defined as the

change in length divided by the equilibrium length, %, also known as the fractional stretching.

From these, we find that
FL YAAL YA
AAL L L

We see that the spring constant in terms of the Young’s Modulus, length, and cross-sectional area,

is given by YTA.

From this, we can intuitively see that placing them in parallel would increase the cross-sectional
area, increase k, and placing them in series would increase L, decreasing k.

Let us now talk about elasticity in 3 dimensions. Suppose we have a cube of material, embedded
in a larger block of solid material. The cube can compress or grow in all directions equally. This
would be a “bulk” change in volume, and works for liquids as well as solids.

The cube can stretch or shrink in just one linear dimension, this is tension or compression. Young’s
Modulus applies when volume is conserved, and thus this is not the same as the streching of a wire,
since the cross-sectional area decreases as the length increases in a stretching wire, which is not the
same in this linear shift.

We have shear, or skew, as well as twists, or torsion.
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Any elastic modulus involves a strain, a fractional change. For bulk modulus, that is A?V:
AP
B= "3y
|4

For shear, the stress is %, where F' is the sideways force, and A is the area of the plane that it is

acting on, for example:
Fy

Az view

Volume and Surface Forces

We can represent the forces on a volume as a matrix o, such that:
F = Z O’ijdAj
i

Where dA; is the differential area vector in the j direction. We can write this as a tensor, which is
a linear mapping of one vector to another vector in a geometrically consistent way. This is a rank 2
tensor:

F=3dA

A proper stress tensor should be symmetric, for example:

2 3 0
=13 -2 0
0 0 1

This is symmetric. We want to find the force on a surface described by 22 + 2y + z = 7 at (2,0, 3).

We begin by finding the normal vector, which is necessary to get the area vector. We can find this
via the gradient of the function at the point given:

V(z? + 2y + 2) = (22,2,1)

Evaluating this at (2,0, 3) gets (4,2,1). We can normalize this:

ﬁ:\/1271<4,2,1>
The force is given by F = XdA:
2.3 0 4 1
F = g —02 (1] \/?[4 2 l}dA:ﬁ[lél 8 1]dA

We have a derivatives matrix, D), such as

03 .01 .03
D=|.03 .01 O
—-.03 —.06 .02
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This matrix gives the displacement of any point.

We can remove any overall rotation, separating out the anti-symmetric part, which gives us the
strain tensor, E:

1
E = 5(D+DT)

In this case, we have that

1 03 .01 .03 .03 .03 —-.03 .03 .02 0
E=- 03 01 Oof+)01 .01 —-06{|=1].02 .01 -—-.03
—-.03 —-.06 .02 03 0 .02 0 —-.03 .02

This is the strain tensor, and is a symmetric matrix. The trace of E divided by 3 tells us the overall
dilatation, e, also called spherical strain. The trace is given by the sum of the on-diagonal elements,
in this case, .03 4+ .01 + .02 = .06, so e = +.06 = .02.

We can write the strain tensor as E = el + E’, which we can solve for E':

.01 .02 0
E =E—el1= .02 —-.01 —.03
0 —-03 O

We note that this matrix has 5 degrees of freedom, 6 independent values and then the constraint
that it must be traceless.

If the elastic response of the material is linear and rotationally invariant, then the most general
possible relation is

Y = ael + BE’
Compare this to the linear version, were we said that % = Y%. We that stress is equal to a scaled
version of strain.

We can expand out E’:
Y=ael+f[(E—el)=(a—plel+[E

An alternative set of parameters is the “Lamé parameters”, where o — 3 is 3\ and S is 2pu.

‘We can solve for E now: )

E=—
3ap

3% — (o — B)(trZ)1]

In some special caese, we can relate a and 3 to elastic moduli that we have already introduced. If
we have the bulk modulus, where we have the effect of a pressure change with no shear:

¥=-pl
And thus D P
E="[-pf1=-1
L1 = -2
From the definition of the bulk modulus, we have that
BM =2
3
We can also define the shear modulus in the presence of no volume change:
sar="

2
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Solid Body Rotation
There was a period where I didn’t really take notes, these are the lecture notes starting at 11/29/22.

Homework 11 Question 5 asks you to analyze a sliding cube that hits a low step, causing it to
tip. When the cube hits the lip, the lip applies force to suddenly stop that corner of the cube
from sliding. When that happens, are any of our 3 quantities conserved? Kinetic energy is not
conserved, since there is a force over a small distance We can think of the cube or the lip being
slightly deformed as the cube comes to a stop, so we have work done by the contact force. The
linear momentum is not conserved, since we have an impulse acting on the cube.

The angular momentum is conserved. There are two possible origins that we could use. If we choose
the lip corner as the origin, then the sliding cube has nonzero angular momentum to begin with.
This will be given by L = r X p, or | p. At the time of collision, the force from the lip on the cube
applies 0 torque, since it is acting at the origin. Thus the angular momentum will not change with
this as our origin.

The other choice of origin would be the center of mass of the cube. If so, the sliding cube has 0
angular momentum initially. In this case, the force from the lip does apply a torque to the cube,
and that starts to make it rotate around the origin. If we pick this as the origin, we see that it is
not conserved.

Thus we see that the conservation of the angular momentum depends on the choice of origin.

To find the total kinetic energy of a system that is rotating and has a moving center of mass, when
should you include a translation kinetic energy for the center of mass motion, and when should you
not use one?

Suppose we have a uniform rod, an we imagine that it is rotating around an axis at the end, and its
center of mass is at the center of the rod. If we have arbitrary motion of the center of mass, the
safe way to write out the kinetic energy will be

Ktot =K CM Translational + KRotational about CM

However, oftentimes (as in our rod case), the object is not rotating about the center of mass. If the
CM is travellling along a circular path, you can calculate the moment of inertia around the actual
axis:

1 2

Kot = KRotational about Axis = §Iaxisw

These two are equivalent ways of writing out the kinetic energy, but we need to remember that
Ioanr # Iaxis, although they can be related by the parallel axis theorem.

We previously computed the inertia tensor for a rectangular book along 3 axes:

I(EQ?
I= Iy
IZZ

Symmetric objects rotating around their center of mass have obvious axes, and a diagonal matrix
for their inertia tensor. The “principal axes” are easy to see, they will give us that

L= Iaxisw

In other words, the angular momentum is parallel to the angular velocity.
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However, not all systems have obvious principal axes. For example, consider a cube of side length a
and mass M rotating around its corner. If we find the inertia tensor for the cube:

2/3 —1/4 —1/4
I=Mad?|-1/4 2/3 —1/4
—1/4 —1/4 2/3

So, if we rotate this cube around the Z axis, L is not in the Z direction:

2/3
L=1Iw=Mdw|-1/4
—1/4

Thus we have that & is not a principle axis for the cube rotating around its corner. However,
1
. W . )
consider w = NG 1 . In this case:

1/6 w
L=1Iw=Mad |1/6 7
1/6] V3
and thus we have that this w is a principal axis, since the angular momentum is parallel to the axis
of rotation.

Every inertia tensor has at least 3 principal axes, and has 3 orthogonal principal axes, which we can
find using eigenvalue analysis. In other words, a different coordinate system can be found in which
I is diagonal. We want to find L||w, so Jw = Aw, which we can rewrite as (I — A1l)w = 0.

For the cube, this becomes

2/3—-X —1/4 —1/4 5
121 1 11
det | —1/4 2/3—-X —1/4 :0—>)\3—2/\2+ig>\—864:0—><)\—6)< —12) =0
~1/4  —1/4  2/3— A

Thus we have eigenvalues 1/6, 11/12, and 11/12. We have already found the eigenvector for 1/6,
and if we plug in 11/12 for A, and apply it against an unknown w, we expect to get 0, and this
finds the eigenvector. There are an infinite number of solutions for this case, so we can just take
two orthogonal solutions.

Precession

When we have a bicycle wheel on a post, and the radial distance is D, and the wheel has mass m
and rotation rate w, the angular momentum around the post will be I,,5;w. In this case, I = M R?,
where we treat it like a torus, as all the mass is concentrated on the edge. Thus we have that
L = M R%w. The torque will be given by DMg = %.

From these, we can find the precession rate:

_dﬁ_DMg Dg

dt MR2w R2w

Q

We see that larger w means smaller Q.
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For a small gyroscope toy, where it is tipped, rather than held radially, the torque once again comes
from the force of gravity, and the tip is given by an angle from vertical . We know that L = 7. In
the body frame of the gyro rotor, L =~ Aswés, where we are in some body frame coordinates é1, és,
and és.

The effect of the torque will then be

T = A3wes
We can find that
N |T|  mgDsinf
’63| = =
A3w Asw

We then note that |é3] = Qsin#, where € is the rate at which ¢ goes around a circle, or the rate of
precession.
Lamina

Suppose we want to calculate the inertia tensor for a lamina, or thin planar sheet. Suppose it is
laying in the zy plane. We know that the z axis is guaranteed to be a principal axis, regardless of
the shape in the xy plane. As a note, any axis parallel to a principal axis is also a principal axis.

Suppose we have a triangular lamina, with corners at (1,0,0), (0,1,0), and (0,0, 0).

We can compute terms in the inertia tensor:

Iy = / —zydm
shape

Where in this case dm = o dx dy, the mass of a small section of the lamina is given by the area and
the mass per unit area. Thus the integral becomes

1 11—z
Iy = —a/ dx/ zy dy
0 0

We would have to do the y integral first, due to the limit of integration, and then do the z integral.

General Rotational Dynamics
We know that torque changes angular momentum:

oL
at

This relationship is true in the “space” frame, the inertial reference frame of the room or wherever
we are. In the body frame, the reference frame fixed in the object with unit vectors é1, é2, and és,
which correspond to principal axes, we have a noninertial reference frame. We know the relationship
between the space frame and the body frame, we can recall that

()., = (3),,roe

For this kind of rotation, we generally use w, rather than {2, so we can write this out for the angular

iner
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We know that the left term is the torque. Since we have chosen our basis vectors in the body frame
to be along principal axes, the angular momentum in the body frame coordinates will be

Awi
L,y = )\20.)2
A3ws3

Where the As are the eigenvalues of the inertia tensor. Thus, we have that

AW wowsz(Az — A2)
T = | Aws| + |wswi(A1 — A3)
A3ws wiwa(A2 — A1)

We can now rewrite this as 3 equations:
AWy = ()\2 — )\3)WQW3 —+ 71

Aoy = ()\3 — )\1)W3W1 =+ T

A3w3 = ()\1 — )\g)w1w2 + 73
These 3 equations are known as Euler’s equations. They describe how w changes as seen in the
body frame. Even if the torque is 0, w can change. This case is called “free precession”.
Free Precession

In general, if A\; # Ao # A3, if the object is spinning with w close to a principal axis, lets say
w &~ w3ész with w; < w3 and wy K w3, then we can write out the Euler equations:

A=A
=5

w3 wiws

We see that wiws is two small numbers. On the other hand, if we look at

oA

w1
A1

Waws3

We see that this has only 1 small number. Thus we have that ws is approximately constant, while
w1 and wo vary. We can take another derivative:

Where we used the fact that ws =~ 0. Inserting the Euler equation for wo:

o = <)\2 — >\3> ()\3 - )\1> 2w
1 " e 3W1
We see that this is similar to the harmonic oscillator if this constant term multiplied against w; is
negative. If it is negative, then w; behaves as a harmonic oscillator with

o 52 5
osc — W3 )\1 )\2
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This tells us that w wobbles around é3 with frequency wys. in the body frame. However, this is only
true if the factor is negative. If the factor is positive, then we have exponential growth, the rotation
axis would be unstable.
Another case of this is if A\ = Ay = A12. In this case, Euler’s equations become
)\3@3 =0
A12w1 = (A12 — A3)waws
A2t = (A3 — A12)wswi

If we once again assume that w is close to é3, we will find that

(M2 = Ag)?
12
In this case, we have a stable oscillation, with
o A2 - )\3|
osc )\12

The direction of the rotation/precession depends on whether Aj3 > A3 or vice versa. We have that
w = (wp cos Qt, —wp sin Qt, w3)
And we can then compute the angular momentum:
L = (A\jowp cos Qt, —A 12w sin Qt, Aswp)
Let use note some key features. In the body frame, é; is fixed, while w and L rotate (wobble)
around it. In the space frame, there is no torque, so L is fixed, and w and é3 rotate (wobble).

In either frame, we note that Ls is constant, along és.

For a spinning gyroscope or top, the math is tedious, but we can work out the Lagrangian using
the three Euler angles as coordinates, and use the standard tool, the Euler-Lagrange equation, to
find the equations of motion for the coordinates. If we do out the tedious algebra, we have that the
equation of motion for 6 is given by

A28 = \j2d? sin 6 cos 0 — )\3(1& + cos 0)7rsin@ + MgRsin6

Where 1 is the rotation of the top along its axis, 6 is the angle from the vertical, and ¢ is the sweep
angle from some starting orientation. One special case of this is steady precession, motion with
constant §. Thus we have that § = § = 0, and with constant ¢ (which we relabel Q):

0 = X202 sin6cosf — A\gwsQsin 6 + MgRsin 0
This is a quadratic equation for €2, so we have two solutions for 2, the two rotation rates which

represent steady precession, without nutation. Nutation is when we allow 8 to vary. We can analyze
this using energy conseration, using the conserved quantities:

Py = A3(Y) + dcosh) = L
Py = A12 sin?60¢ + Lycosf = L,

We can use these to eliminate the ¢ and ¢ variables. We then have a differential equation for only
6(t), and we can describe this system using an effective potential, Ues(0):

1 .
5Ie%rU@ff(e) =E

Where E is a constant.
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